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We present preliminary experimental results on separation of supersonic 
ow inside a

convergent-divergent (CD) nozzle. The study is motivated by the occurrence of mixing en-

hancement outside CD nozzles operated at low pressure ratio. A novel apparatus allows

investigation of many nozzle geometries with large optical access and measurement of wall

and centerline pressures. The nozzle area ratio ranged from 1.0 to 1.5 and the pressure ratio

ranged from 1.2 to 1.8. At the low end of these ranges, the shock is nearly straight. As the

area ratio and pressure ratio increase, the shock acquires two lambda feet. Towards the high

end of the ranges, one lambda foot is consistently larger than the other and 
ow separation

occurs asymmetrically. Downstream of the shock, 
ow accelerates to supersonic speed and

then recompresses. The shock is unsteady, however there is no evidence of resonant tones.

The separation shear layer on the side of the large lambda foot exhibits intense instability

that grows into huge eddies downstream of the nozzle exit. It appears that asymmetric 
ow

separation is a key ingredient in the mixing enhancement mechanism.

Nomenclature

a = speed of sound

A = cross sectional area

F = thrust

H = nozzle height

_m = mass 
ow rate

M = Mach number

p = static pressure
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U = velocity

x = axial distance from nozzle throat

� = wall angle
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a = ambient
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e = exit

s = shock

t = throat
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Introduction

Separation of supersonic 
ow in a convergent-

divergent nozzle is a basic 
uid-dynamics phe-

nomenon that occurs in a variety of aerospace appli-

cations. When a supersonic nozzle is operating at

pressure ratios well below its design point, a shock

forms inside the nozzle and 
ow downstream of the

shock separates from the nozzle walls. Even though

this 
ow is very basic, it remains poorly understood.

This is illustrated by the large discrepancy between

predictions of quasi-one-dimensional inviscid the-

ory and the actual behavior of the 
ow, as will be

shown in this paper. Even though separation is typ-

ically viewed as an undesirable occurrence, it may

have some interesting applications in the area of


uid mixing. Speci�cally, past work at U.C. Irvine

has shown that 
ow exiting a severely-overexpanded

nozzle exhibits a strong instability that enhances

mixing of the 
ow itself and of an adjacent 
ow.

Figure 1 presents an example. The resulting method

of Mixing Enhancement via Secondary Parallel In-

jection (MESPI) has been proven in a variety of cir-

cular and rectangular nozzles [1, 2, 3]. The physi-

cal mechanisms behind this method remain obscure,

hence the need to study the fundamental 
uid me-
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chanics of supersonic nozzle 
ow separation.

Supersonic nozzle 
ow separation occurs in

convergent-divergent nozzles subjected to pressure

ratios much below their design value, resulting in

shock formation inside the nozzle. In the one-

dimensional, inviscid treatment of Fig. 2a, the shock

is normal and the 
ow past the shock stays attached

to the wall, thus compresses subsonically to the am-

bient static pressure. In reality, 
ow detaches and

forms a separation region near the wall, as depicted

in Fig. 2b. For moderate nozzle area ratios a lambda

shock is often observed. Flow downstream of the

shock is non-uniform and its structure is very com-

plex.

There is a large volume of literature dealing with

separation in rocket nozzles, which have large ex-

pansion ratios. A paramount issue is prediction

of separation location, speci�cally the ratio ps=pa

(pressure just ahead of separation over ambient

pressure). A review of the older literature, and

correlation of experimental results in a large vari-

ety of nozzles, is given by Morrisette & Goldberg

[4]. Their primary conclusion is that zero-pressure-

gradient separation predictors, like the method of

Reshotko & Tucker [5], give reasonable predictions

for nozzles with turbulent separation and large di-

vergence angles. The ratio ps=pa is a declining

function of the shock Mach number Ms and, as a

rule of thumb, is roughly 0.5 for Ms � 2 and 0.3

for Ms � 4. Nozzles with laminar separation ex-

hibited higher separation pressure ratios. Separa-

tion in nozzles with low local wall angles, such as

low-divergence conical nozzles and contoured noz-

zles, deviated from the above predictions. The close

proximity of the wall to the separation shear layer

has been cited as a possible reason for the discrep-

ancy.

Computational studies of two-dimensional overex-

panded nozzles by Wilmoth & Leavitt [6] and by

Hamed & Voyatzis [7, 8] assessed the accuracy of

turbulence models for predicting the 
ow �eld and

thrust performance. The works agree on the basic

structure of the separation shock, which consists of

the incident shock, Mach stem (normal shock), and

re
ected shock. Thrust predictions were in good

agreement with experiments, except at pressure ra-

tios associated with separated 
ow. A combined

experimental and computational work by Hunter

[9] o�ers one of the most comprehensive treatments

of this 
ow. His experimental results on a two-

dimensional nozzle with Ae=At = 1:8 showed two

distinct separation regimes: three-dimensional sepa-

ration with partial reattachment for nozzle pressure

ratio NPR� 1:8 and fully-detached two-dimensional

separation for NPR � 2:0. Hunter claims that this

transition was not the result of markedly di�erent

onset conditions or stronger shock-boundary layer

interaction, but instead came about trough the nat-

ural tendency of an overexpanded nozzle 
ow to de-

tach and reach a more eÆcient thermodynamic bal-

ance. As a result, the thrust of the separated case

is much higher that that given by inviscid analy-

sis. Notable in Hunter's experiments and simula-

tions was the much higher nozzle pressure ratio re-

quired to situate the shock at a given area ratio

compared to the inviscid prediction. For example,

to place the normal shock just outside the nozzle

exit a nozzle pressure ratio NPR=3.4 was required,

versus NPR=1.8 predicted in the inviscid case.

Generic methods for boundary-layer separation can-

not capture the entirety of events inside a nozzle.

Recently, a theoretical model proposed by Romine

[11] �lls this gap. For shocks with moderate Mach

numbers (less than 2.25), Romine postulates that

the jet 
ow emerging from the shock is above am-

bient pressure and adjusts to the ambient pressure

via a gradual underexpansion. The magnitude of

the underexpansion is equal to that of the overall

overexpansion. It is important to note that this ar-

gument applies in the vicinity of the centerline of

the nozzle, where the shock is normal, and not on

the walls. On the walls, Romine postulates that 
ow

adjusts to the ambient pressure almost immediately

past the shock. The underexpansion is evident in

the computational Mach number contours of Hunter

[9], although he did not mention it explicitly.

An interesting phenomenon related to supersonic

nozzle 
ow separation is that of \aeroacoustic reso-

nance," studied by Zaman et al. [10]. It occurs of-

ten, but not always, in convergent-divergent nozzles

operated at low pressure ratios, and is characterized

by strong acoustic tones and their harmonics. The

work by Zaman et al. connected the tone generation

to the unsteadiness of the shock system and showed

that the frequencies scale with the distance from

the shock foot to the nozzle exit. Tripping the noz-

zle's internal boundary layer suppresses the tones.

Aeroacoustic resonance was an early suspect mech-

anism for the MESPI phenomenon. However, it was

largely ruled out because mixing enhancement per-

sisted with or without resonant tones [12].
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Experiment

It was desired to study nozzle separation in an ap-

paratus that a�ords 
exibility in wall geometry and

optical diagnostic access. Accordingly, a novel fa-

cility, shown in Fig. 3, was constructed. The up-

per and lower walls of the nozzle consist of 
exible

plates that can assume a variety of shapes. Noz-

zle shaping is achieved by actuators, mounted at

the end of each plate, that control the transverse

force and moment applied at the end of each plate.

This mechanism allows variations of the nozzle area

ratio, nozzle contour, and maximum wall angle. In-

vestigation of \half-nozzles" is also possible by de-


ecting only one of the plates. The nominal test

section dimensions are 22.9 mm in height, 63.5 mm

in width, and 117 mm in length from throat to exit.

The sidewalls of the nozzle incorporate large optical

windows for visualization of the entire internal 
ow,

from the subsonic converging section to the nozzle

exit. The apparatus is connected to a system that

delivers pressure-regulated air and air mixed with

either helium or argon. The use of variable-density

gas is primarily a means of controlling the Reynolds

number and speci�c heat ratio. The facility is de-

signed for a maximum nozzle pressure of 3.5, which

allows investigation of the entire sequence of internal

events (from subsonic 
ow, to 
ow with shocks, to

shock-free 
ow) in nozzles with exit-to-throat area

ratios up to 1.60.

In the study reported here, the nozzle walls were

diverged symmetrically by applying force only (no

moment) on the actuators. Consequently, each wall

assumed the shape of a cantilevered beam with

point force applied to its end, and the nozzle was

\trumpet-shaped" with the wall angle increasing

monotonically from throat to exit. Pure air was

supplied at nozzle pressure ratio (NPR=p01=pa) up

to about 1.8. The maximum level of NPR was dic-

tated by the mass 
ow limitations of the facility.

The upper and lower wall each incorporate 24 static

pressure ports that are equally-spaced in the axial

direction and are arranged along the midwidth of

the nozzle. Each row of ports starts upstream of

the nozzle throat, at area ratio A=At = 1:14, and

ends at the nozzle exit. The diameter of each port

on the surface of the nozzle is 0.8 mm.

Diagnostic tools for this study consisted of spark

schlieren photography of the internal and external


ow; wall pressure measurement; nozzle centerline

pressure measurement; and recording of the sound

in the vicinity of the nozzle exit.

The Schlieren system employed a 20-nanosecond

spark as a light source (Xenon, Model N787), lenses

with 150-mm diameter and 1-m focal length for col-

limating the beam, and a charged coupled device

(CCD) camera for acquiring the images (Sony, Cy-

bershot). The spatial resolution of the images was

2560�1712 pixels.

The nozzle wall ports were scanned by a mechan-

ical pressure multiplexer (Scanivalve, Model SSS-

48), which consists of a pneumatic selector switch

connected to a single pressure transducer (Setra,

Model 280). The use of a single transducer sim-

pli�ed calibration and thus increases the reliability

of the pressure measurement. For the experiments

reported here, the scan rate was 3 ports per second.

The static pressure along the centerline of the noz-

zle and jet plume was measured by a 0.5-mm static

port drilled into a 2.4-mm-diameter strainless-steel

tube that was translated axially along the nozzle.

See Fig. 4 for the centerline pressure measurement

system. The upstream end of the tube was capped

and the downstream end was connected to a pres-

sure transducer (Setra, Model 280). The upstream

end of the tube was supported by the honeycomb


ow straightener, thus did not introduce any appre-

ciable disturbance into the 
ow. The downstream

end was attached to streamlined strut placed far

from the nozzle exit. The strut and tube assem-

bly was translated by a motorized linear actuation

stage mounted on the nozzle structure but placed

completely outside the jet 
ow. The ori�ce in the

steel tube traveled from 24 mm upstream of the noz-

zle throat to 20 mm downstream of the nozzle exit.

The tube occupied 0.3% of the nominal nozzle cross

sectional area of the nozzle, and the 
ow de
ection

it caused (due to boundary layer formation on the

tube) was extremely small. Thus, the presence of

the tube in the test section did not change the 
ow

phenomena inside and outside the nozzle. A simi-

lar method was used circa 1903 by Stodola [13] to

measure the centerline pressure distribution in an

axisymmetric Laval nozzle.

To record the noise emitted by the internal 
ow phe-

nomena and the external jet 
ow, a condenser mi-

crophone (Bruel & Kjaer, Model 4133) was situated

at a distance of 300 mm from the nozzle exit and

angle of 45Æ relative to the jet axis. The micro-

phone recordings were processed into sound spectra

corrected for microphone response and atmospheric

absorption.
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Results

Schlieren Photography

Spark schlieren photography captured the instanta-

neous features of the shock system and the ensuing

turbulent 
ow separation. We present in Figs. 5 and

6 the sequence of shock formation as NPR increases

for Ae=At = 1:2 and 1.5, respectively. For both area

ratios, a well-de�ned shock appears at NPR around

1.2. For the lower area ratio, the shock is symmetric

and nearly straight for low to moderate NPRs. For

NPR > 1:4, the shock acquires symmetric \lambda

feet" near the walls. Each lambda foot is charac-

terized by the incident shock, re
ected shock, and

the triple point where the incident and re
ected

shocks merge into the Mach stem. A slipstream

(entropy layer) originates at each triple point. For

Ae=At = 1:5, lambda feet appear at NPR=1.3 and

become progressively larger with increasing NPR.

Except at very low value of NPR, the shock struc-

ture is asymmetric and exhibits a large lambda foot

on one side and a small one on the other side. For

Ae=At � 1:4 and NPR > 1:3, we never observed

symmetric formation of the shock. The shock asym-

metry could be speci�c to the shape of the nozzles

used here.

During the duration of a given test, which lasted

up to 15 seconds, the asymmetry of the shock did

not change, i.e., the lambda feet did not 
ip. We

veri�ed this by 
ashing the spark gap at high fre-

quency and recording the images on a video camera

(in essence, taking a movie of the 
ow but with time-

uncorrelated frames). However, when we stopped

and restarted the 
ow, at exactly the same pres-

sure ratio and nozzle geometry, the shock asymme-

try could 
ip. In other words, the shock chooses

its orientation at the start-up of the run and re-

tains the same orientation throughout the run. The

asymmetry of the 
ow could be the manifestation of

a \Coanda e�ect" whereby a jet surrounded by or

adjacent to a solid surface attaches to the surface.

The separation shear layer downstream of the large

lambda foot grows rapidly and displays very strong

instability. In contrast, the shear layer emerging

from the small lambda foot is stable. Figure 7

shows details of the shock structure and separated


ow. Very large eddies, sometimes occupying more

than half the test section height, are seen to emerge

downstream of the large lamda foot. For large area

ratios, the shock system is unsteady in the axial

direction but not exceedingly so. The axial travel

distance was on the order of half the local test sec-

tion height and the variation in shock Mach number

was around 4%.

Another very important feature of the 
ow is the

succession of weak normal shocks (\aftershocks")

past main shock. This phenomenon occurred in all

our visualizations but is particularly well captured

in the photographs of Fig. 7. The presence of shocks

downstream of the main part of the separation shock

indicates that 
ow accelerates to supersonic speed,

recompresses, reaccelerates, etc. This means that,

immediately downstream of the Mach stem, there

is no pressure recovery. Instead, there is an un-

derexpansion. Close examination of Fig. 7 shows

expansion fans emanating from the intersection of

the re
ected shocks with the separation shear lay-

ers. Evidently, the re
ected shock of the lambda

foot is of the \weak" type, i.e., 
ow downstream of

the shock is supersonic. The interaction of the shock

with the shear layer is very similar to the boundary

layer-shock interaction studied by Liepmann [16] in

transonic 
ows over airfoils.

The presence of shocks spanning the entire jet of

the separated 
ow (not con�ned to the supersonic

region past each lambda foot) indicates that 
ow

downstream of the main shock accelerates to speeds

that have locally supersonic values. This must be

accomplished by the slipstream forming sonic throat

and then diverging. The presence of multiple shocks

suggests that, further downstream, the slipstream

creates additional sonic throats until it decelerates

to subsonic Mach numbers. Thus, it appears that

a \wavy" slipstream is created that supports alter-

nation of subsonic and supersonic 
ow. The 
ow

images suggest that the expansion waves emanating

from the intersection of the re
ected shock with the

shear layer are transmitted through the slipstream,

which means that the slipstream is supersonic at

the position where it is intercepted by the expan-

sion waves. The nearly-straight shape of the after-

shocks further suggests that the entire jet acquires

a nearly-uniform velocity a short distance past the

Mach stem. The above observations are summa-

rized in the sketch of Fig. 8.

A large number of pictures was processed to ob-

tain the shock position versus area ratio and pres-

sure ratio. Shock position As=At is de�ned as the

area ratio corresponding to the axial position of the

Mach stem (normal part) of the shock. Figure 9

plots the shock position versus NPR for four nozzle

area ratios. Notable is the substantial discrepancy
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between the actual shock position and the position

predicted by one-dimensional inviscid theory. The

discrepancy worsens with increasing area ratio. The

shock sits at an area ratio much smaller than that

predicted by the theory. The physical reason is the

the underexpansion, noted above, that forms imme-

diately downstream of the normal shock. The un-

derexpansion creates a \back pressure" much higher

than the theory predicts, causing the shock to sit at

a smaller than expected area ratio. As mentioned in

the Introduction, the discrepancy with theory was

evident by a few data points collected by previous

investigations. We believe, however, that this is the

�rst systematic study of shock location versus area

ratio and pressure ratio. Future studies will include

the e�ect of wall angle. Deviation of the shock lo-

cation data from the best �t curves in Fig. 9 is an

indication of shock unsteadiness. Unsteadiness in-

creases with area ratio.

Wall Pressure

Static pressure distributions along the upper wall of

the nozzle are plotted in Fig. 10 for various nozzle

pressure ratios and three area ratios. Since the noz-

zle is symmetric, there are no noticeable di�erences

between the upper and lower wall pressure distri-

butions except at large area ratios and large nozzle

pressure ratios. The pressure distributions have the

\classic" shape of expansion, shock jump, and recov-

ery. The major di�erence from the theoretical case

is that, for a give pressure ratio, the shock Mach

number, and therefore the pressure jump, are much

smaller.

As mentioned in the previous section, for large

Ae=At and NPR> 1:4, the shock structure is asym-

metric. This creates a small change in the pressure

distributions on the upper and lower nozzle surfaces.

Figure 11 compares the upper and lower wall pres-

sure distributions for Ae=At = 1:5 and NPR=1.61.

There is a distinct di�erence in the pressure recov-

ery past the shock. On the side of the large lambda

foot, pressure recovers linearly with distance. This

type of recovery is similar to the \strong-shock" re-

covery in di�users measured by Sajben at al. [14]

and predicted numerically by Xiao et al. [15]. On

the side of the small lambda foot, the pressure shows

a faster initial rise followed by a gradual recovery to

ambient value. The asymmetric recovery creates a

small sideward force generated on the nozzle, which

we calculate to be around 1-2% of the nozzle thrust.

It is important to note that the wall pressure past

the separation shock does not adjust to the ambient

pressure immediately. While an immediate pres-

sure adjustment occurs in large-area-ratio nozzles,

in nozzles with small to moderate pressure ratio the

adjustment is gradual. This means that Romine's

theory [11], which assumes immediate recovery, is

not applicable here unless the shock sits at the noz-

zle exit.

Centerline Pressure

Figure 12 plots the centerline pressure distribution,

measured with the translating tube of Fig. 4, for

various area ratios and nozzle pressure ratios. The

trends are similar to those for the wall pressure, ex-

cept that the \recovery" past the shock has a di�er-

ent shape. For NPR> 1:5, pressure past the shock

shows a 
at region, or a slight dip, followed by a

gradual rise to the ambient value. A direct compar-

ison between wall and centerline pressures is shown

in Fig. 13. The pressure rise on the centerline is

sharper than that on the walls. The pressure dip

that follows is qualitatively consistent with the con-

jecture of Fig. 8. However, the quantitative behav-

ior in the vicinity of the shock was surprising at

�rst.

In contrast to the complex shock structure near the

wall, the shock near the nozzle centerline is a clean

normal shock. We thus expect the pressure rise

across the shock to follow the normal-shock relation

p2

p1
= 1 +

2



 + 1
(M2

1 � 1) (1)

whereM1 is the 
ow Mach number immediately up-

stream of the shock and is related to the local static

pressure p1 via

p1

p01

=

�
1 +


 � 1

2
M

2
1

� �



�1

(2)

Combining Eqs. 1 and 2 we arrive at a relation of

p2 versus solely p1,

p2

p01

=
4



2 � 1

�
p1

p01

� 1



� (
 + 1)2


2 � 1

p1

p01

(3)

which is plotted in Fig. 14. It is evident from the

plots of Fig. 12 that the measured pressure rise

across the shock does not satisfy Eq. 3. To clarify

this point, we plot in Fig. 15a the centerline pressure

distribution for Ae=At = 1:5 and NPR=1.61. Just
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before the shock, we have p1=p01=0.30. The peak

pressure of the shock is p=p01 = 0:55, much less

than the normal-shock solution p2=p01 = 0:67. One

could argue that, since the shock is unsteady, the

steady normal shock relations may not hold. Since

we do not know the details of the shock motion (it

is not harmonic, as will be shown later), we can-

not fully answer this point. On the other hand, we

can make the simple argument that a velocity us of

the shock relative to a stationary observer should

increase the mean pressure ratio: the shock Mach

number becomes Ms = M1 + us=a1 and the pres-

sure ratio depends on the square of the shock Mach

number. Moreover, we know from the visualizations

that 
ow past the shock undergoes a substantial ex-

pansion that is not shown in the measurements. So

the behavior of the centerline pressure distribution

cannot be explained by a possible e�ect of unsteadi-

ness on the normal shock relations.

It will now be shown that the shape of the centerline

pressure distribution is likely the result of smooth-

ing due to the shock motion. The centerline probe

does not measure the true pressure distribution but

a �ltered distribution, which can be expressed as

the convolution of the true pressure p(x) with a re-

sponse function r(x)

pmeas(x) =

Z
p(�) r(x � �)d� (4)

For response function we assume a Gaussian kernel

r(x) =
1

b
p
�
e
�(x=b)2 (5)

Evaluation of Eq. 4 was done using Fourier trans-

forms. The pressure distribution of Fig. 15a was

reshaped into a hypothetical distribution, shown

in Fig. 15b, having a nearly-discontinuous pressure

jump that satis�es the normal shock relations. The

shock of this hypothetical curve was placed in the

middle of the shock rise of the measured pressure

distribution. The pressure before the shock was cal-

culated by extrapolating linearly the measured data

upstream of the shock to the shock location, result-

ing in p1=p01 = 0:27. The pressure jump is followed

by a rapid expansion that brings the pressure down

to the level of the small plateau that forms past the

shock in the measured data.

Figure 15b shows the result of smoothing of the

hypothetical pressure distribution with a Gaussian

kernel having full-width 2b = 13 mm. The smoothed

curve and the actual curve of Fig. 15a practically co-

incide. The Gaussian full-width is about one half of

the test section height, which agrees with our visual

observation of shock motion. Of course, the hypo-

thetical curve of Fig. 15b is not unique and this

exercise is neither a rigorous nor a perfect recon-

struction of the true pressure distribution. Using

sophisticated deconvolution methods one may be

able to recover the true pressure distribution with-

out any assumptions, but the numerical challenges

are signi�cant. What we have shown here is that the

measured pressure distributions is consistent with

Gaussian smoothing of a pressure distribution that

satis�es the normal shock relations.

Importantly, the hypothetical curve of Fig. 15b clar-

i�es the 
ow process in the vicinity of the nozzle

centerline for the conditions examined in this ex-

periment. Instead of a monotonic adjustment to

the ambient pressure, we have expansion followed

by compression. We already observed in the 
ow

visualizations that the expansion results from the

re
ection of the re
ected shock of the lambda foot

from the shear layer of the separation zone. As long

as the re
ected shock is of the \weak" type (i.e., the

out
ow is supersonic), an expansion is inevitable.

Flow past the the Mach stem needs to adjust to this

lower pressure, therefore it also accelerates to super-

sonic speed, as illustrated by Fig. 8. The expansion

brings the pressure to a level below ambient, thus

a compression is needed for matching the ambient

pressure. The last statement applies for the range

of conditions examined in this study. It is possi-

ble that, for very strong shocks, the adjustment to

ambient pressure involves only an expansion.

The normal-shock relation of Eq. 3, plotted of Fig.

14, merits further discussion. It is straightforward

to show that the maximum of p2=p01 occurs at

p1

p01

=

�

 + 1

2

� 2


1�


= 0:279 for 
 = 1:4

and has the value

p2

p01

= 2

�

 + 1

2

� 
+1

1�


= 0:670 for 
 = 1:4

The value of p1=p01 for which the maximum oc-

curs is the square of the critical pressure ratio

[(
 + 1)=2](1�
)=
 =0.528 for 
 = 1:4. The corre-

sponding Mach number isM1 = 1:483 and the corre-

sponding area ratio is A1=At = 1:165. The right ter-

mination of the curve of Fig. 15 corresponds to sonic


ow for which both pressure ratios equal the criti-

cal value of 0.528. For 0:528 < p2=p01 < 0:670 and

A1=At > 1:165, two solutions exist for p1=p01 . Gen-
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erally p2 is not an independent variable, so the rami-

�cations of Fig. 14 on shock instability are not clear.

However, if the relation between p2 and the ambient

pressure pa were known, then Fig. 15 o�ers guidance

as to the possibility of shock instability caused by

the double-valuedness of the solution. For example,

if p2 = pa, then p2=p01 = pa=p01 = 1=NPR and

double-valuedness occurs for 1:492 < NPR < 1:893.

Thrust

Given that one of the intended applications of the

mixing enhancement phenomenon is on aeroengines,

it is important to assess the thrust loss caused by


ow separation inside a convergent-divergent noz-

zle. From the above results it is clear that one-

dimensional theory would be very inadequate for

thrust prediction. This experiment has generated

results { the wall pressure distributions { that allow

an estimate of thrust loss. This estimate will not in-

clude shear stresses; however, their impact is much

smaller than the impact of the pressure distribution

created by the shock.

The procedure for calculating thrust is explained in

Fig. 16. For simplicity, and without loss of gener-

ality, we consider a \half nozzle." The ideal thrust

is created by the \design" nozzle for given NPR.

Speci�cally, the design nozzle it is a nozzle with the

same NPR and mass 
ow rate as the actual noz-

zle, that produces a shock-free 
ow with pressure-

matched exhaust. For subcritical nozzle pressure

ratios (NPR < 1:893 for 
 = 1:4), the shape of

the design nozzle is convergent. With respect to

the full nozzle shown in Fig. 16a, the design nozzle

comprises the portion of the nozzle upstream of the

design point \d" where p = pa. The resulting noz-

zle, shown in Fig. 16b, has the same NPR and same

mass 
ow rate as the actual nozzle.

The thrust of a nozzle equals the integral of the axial

components of the forces acting on the internal and

external walls of the nozzle and supply reservoir.

Here we deal only with pressure forces. At static

conditions, the external pressure is ambient, pa. A

portion of the internal pressure distribution p (from

a short distance upstream of the nozzle throat to

the nozzle exit) is known from our measurements.

Letting s denote the coordinate along the surface of

the nozzle and � the local angle of the surface, the

thrust of the actual nozzle is

F =

Z
e

o

(p� pa) sin �ds (6)

The thrust integral can be divided into two parts,

the contribution upstream of the design point and

the contribution downstream of the design point:

F =

Z
d

o

(p� pa) sin �ds+

Z
e

d

(p� pa) sin �ds (7)

The �rst integral represents the ideal thrust, which

equals the momentum 
ux of the perfectly expanded


ow:

Fi =

Z d

o

(p� pa) sin �ds = _mUd (8)

where _m is the mass 
ow rate and Ud is the design

(perfectly-expanded) velocity. Therefore the actual

thrust is

F = _mUd +

Z
e

d

(p� pa) sin �ds (9)

and the thrust coeÆcient is

F

Fi

= 1 +
1

_mUd

Z
e

d

(p� pa) sin �ds (10)

The mass 
ow rate is based on the sonic conditions

in the actual nozzle,

_m = At

p01

a0

�

 + 1

2

� 
+1

1�


(11)

where a0 =
p

RT0 is the reservoir speed of sound.

The fully-expanded velocity is given by the relation

Ud = a0

r
2


 � 1

�
1�NPR(1�
)=


�
(12)

Integration of the pressure started at the point \d",

where p = pa, and ended at the nozzle exit. For

NPR<1.35, point \d" was located upstream of the

�rst static pressure port, therefore it could not be

resolved. For this reason, the thrust calculation was

performed for NPR > 1:35.

Figure 17 shows the thrust coeÆcient versus NPR

for various nozzle area ratios. For Ae=At < 1:5, the

thrust coeÆcient drops then rises with increasing

NPR. For Ae=At = 1:5 the thrust coeÆcient is seen

to rise monotonically with NPR, although it is pos-

sible that a minimum occurs at NPR < 1:35. As

expected, the thrust coeÆcient drops with increas-

ing area ratio, a consequence of stronger shocks and

higher total pressure loss. The overall trends and

values are consistent with those of past works that

measured nozzle thrust directly [9, 6]. It is impor-

tant to note that in many envisioned applications,
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such as military engines, the thrust allocated to mix-

ing enhancement would be on the order of 10-20%

of the total engine thrust [3]. Thus, a loss of 7%

in the thrust of the secondary 
ow used for mixing

enhancement translates to a thrust loss on the order

of 1% for the entire engine.

Noise

Figure 18 shows sound spectra for the lowest and

higher NPRs and for various nozzle area ratios. The

spectra look like typical jet noise spectra. As ex-

pected, 
ow at the higher NPR is louder because of

the larger exit velocity and mass 
ow rate. There is

no marked change in the shape of the spectra as the

area ratio varies. Also, there is no presence of any

tones. In contrast, past work by Zaman et al. [10],

measured strong resonance tones in small nozzles

operated at low pressure ratios. The phenomenon of

aeroacoustic resonance depends on the state of the

boundary layers at separation, and possibly on the

nozzle cross-sectional shape. In our experiments,


ow visualization shows that the boundary layers

prior to separation were turbulent. In the experi-

ments of Zaman et al., it is likely that the bound-

ary layers were laminar. Importantly, resonance was

suppressed when the internal nozzle boundary layer

was tripped. Collectively, this information suggests

that aeroacoustic resonance does not occur when the

boundary layer is turbulent. Given the complexity

of this phenomenon, however, it is premature to pro-

claim any �rm conclusions.

Still, the shock wave is unstable, as revealed by 
ow

vizualization and the smoothing exercise of Fig. 15.

The microphone measurements suggest that the mo-

tion of the shock is not coherent and therefore not

the result of an acoustic feedback loop. Instead, the

shock motion could be caused by the large insta-

bility of the shear layers downstream of the shock.

In other words, the shear layer instability is driving

the shock motion and not vice-versa.

Mixing

The Flow Visualization section already described

the development of very large eddies inside the test

section when the area ratio is large, i.e., Ae=At �
1:4. Now we look at the related 
uid phenomena

outside the test section. Recall that for Ae=At � 1:4

and NPR> 1:5 
ow separation always occurred

asymmetrically. Figure 19 shows a selection of spark

schlieren photographs for Ae=At = 1:0, 1.4 amd

1.5. Because the refractive index gradients out-

side the nozzle become weak, the images were en-

hanced using the linear-ramp algorithm of [18]. For

Ae=At = 1:0, the shear layers of the external jet

grow at a relatively slow rate. For the larger area

ratios, the shear layer on the side of the large sepa-

ration zone is very unstable and forms huge eddies.

The shear layer on the side of the small separation

zone grows at a mixing rate similar to that of a nor-

mal jet.

The cause of the formation of the huge eddies is not

yet clear. As we have seen previously, the separa-

tion jet is subjected to signi�cant pressure gradients,

�rst favorable and then adverse. Although the wall

and centerline pressures at the nozzle exit are seen

to balance in the mean sense, instantaneously there

may be signi�cant inbalances giving rise to substan-

tial 
ow de
ections. This issue will be addressed

in future experiments using time-resolved pressure

measurements.

Concluding Remarks

Supersonic nozzle 
ow separation is an extremely

complex phenomenon. Our preliminary study, mo-

tivated by the phenomenon of mixing enhancement,

has shed some light on the salient 
ow phenomena

but many unknowns remain. The range of 
ow con-

ditions was 1:0 < Ae=At < 1:5 and 1:2 < NPR <

1:8. We summarize our �ndings as follows:

1. For Ae=At > 1:2 and NPR > 1:4, the sepa-

ration shock has a well-de�ned lambda shape.

For large values of Ae=At and NPR, one lambda

foot is always larger than the other, i.e., sepa-

ration occurs asymmetrically. The asymmetry

does not 
ip during a given test run, but can

change side from run to run.

2. Flow downstream of the Mach stem expands to

near-sonic speed and exhibits an alternation of

subsonic and supersonic 
ow. The expansion

is due to the re
ection of the trailing shock of

the lambda foot from the separation pressure

boundary. Eventually, the 
ow compresses to

subsonic speed and matches the ambient pres-

sure.

3. The shock forms at an area ratio much smaller

than that predicted by one-dimensional invis-

cid theory. The theory assumes that, past
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the shock, 
ow is attached and compresses to

the ambient pressure. In reality, 
ow is de-

tached and initially expands. As a result, the

\back pressure" felt by the shock is substan-

tially larger than the theoretical prediction.

This drives the shock towards the throat.

4. For large NPR and Ae=At, the shock is un-

steady and the range of its axial motion is ap-

proximately one half of the local test section

height. The shock motion smooths out the

centerline pressure distribution measured by a

static pressure probe, thereby obliterating crit-

ical features of the true pressure distribution.

5. The separation shear layer on the side of the

large lambda foot exhibits intense instability

that grows into huge eddies downstream of the

nozzle exit. The shear layer on the side of

the small lambda foot grows normally. Thus,

the MESPI phenomenon seems to be connected

with asymmetric 
ow separation.

6. There is no evidence of resonant tones. The ap-

parent lack of acoustic feedback indicates that

the shock motion is caused by the shear layer

instability and not vice-versa.

One important factor not included in our study is

the e�ect of wall angle on separation. Our appa-

ratus gives us the 
exibility to vary the wall angle

while maintaining a constant area ratio. Also, there

is clear need for time-resolved measurements of the

static pressure along the walls and on the centerline

of the nozzle. We hope to address these issues in

the near future.
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Table 1 Flow conditions

Ae=At �e (deg) NPRmin NPRmax

1.00 0.00 1.41 1.77

1.20 1.56 1.30 1.59

1.30 2.33 1.29 1.61

1.40 3.17 1.26 1.77

1.50 3.89 1.27 1.61

(a) 
 
 

 
 
 

 
 

 

(b) 
 
 

 

 
 

 
 
 
 
 Fig.1 Primary jet 
ow at Mach 0.9 surrounded

by an annular secondary 
ow at nozzle pres-

sure ratio NPR=1.7. (a) secondary nozzle is

convergent; (b) secondary nozzle is convergent-

divergent. The strong instability in case (b)

is one of the motivations for studying the phe-

nomenon of supersonic nozzle 
ow separation.

 

Fig.2 Sketch of shock structure and 
uid phenom-

ena for overexpanded nozzle. (a) Inviscid case;

(b) viscous (separated) case.
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Fig.3 Schematic of variable nozzle apparatus.

 
 

 
 
 
 

Fig.4 Schematic of centerline static pressure measurement system.
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(a)  

(b) 

 

 

(c) 

 

 

(d) 

 

 

(e)  
 

Fig.5 Schlieren images of shock with increasing

nozzle pressure ratio for Ae=At = 1:20. NPR=(a)
1.28; (b) 1.28; (c) 1.35; (d) 1.40; (e) 1.55.

(a) 

 

 

(b) 

 

 

(c) 

 

 

(d) 

 

 

(e) 

 

 
 

Fig.6 Schlieren images of shock with in-

creasing nozzle pressure ratio for Ae=At =

1:40. NPR=(a) 1.20; (b) 1.33; (c) 1.44; (d)

1.59; (e) 1.77.
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 Fig.7 Details of shock and separated 
ow

for Ae=At = 1:5 and NPR=1.5. The two

pictures were taken with slightly di�erent

illumination settings and �elds of view.

 

Subsonic region

Triple
point

Shear layer

Separation region

Slipstream

Fig.8 Conjecture on shock and 
uid phe-

nomena.
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Fig.9 Shock Location versus NPR for

Ae=At = (a) 1.20; (b) 1.30; (c) 1.40; (d) 1.50.

Thin line is best �t of data, thick line is pre-

diction of one-dimensional inviscid theory.
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Fig.10 Static pressure distribution on the

upper wall of a nozzle Ae=At = = (a) 1.20;

(b) 1.30; (c) 1.40; (d) 1.50.
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Fig.11 Static pressure distributions on the

upper and lower walls of the nozzle.
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Fig.12 Centerline pressure distribution ver-

sus NPR for Ae=At = = (a) 1.20; (b) 1.30;

(c) 1.40; (d) 1.50.
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Fig.13 Comparison of wall versus centerline

pressure distribution for Ae=At = 1:4.
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Fig.14 Normal shock relation for the static

pressures before and after the shock.
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Fig.15 Centerline pressure distribution for

Ae=At = 1:4 and NPR=1.5. (a) Actual;

(b) hypothetical without and with Gaus-

sian smoothing.
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Fig.16 Procedure for calculating thrust of

(a) actual nozzle and (b) ideal nozzle.
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Fig.17 Thrust coeÆcient versus NPR for

various area ratios.
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Fig.18 Noise spectra for Ae=At =(a) 1.20;

(b) 1.30; (c) 1.40; (d) 1.50.

 
(a) 
 

 
(b) 
 

 
(c) 

Fig.19 Enhanced spark schlieren images of

the external 
ow at NPR around 1.5 and

for Ae=At= (a) 1.0; (b) 1.4; (c) 1.5.
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